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Abstract

The well established model[1, 2, 3| for studying the microbunching instability
driven by longitudinal space charge in ultra-relativistic bunches in FEL-like
beamlines can be identified as a time-discrete Vlasov model with general drift
maps and Poisson type collective kick maps. This model can in principle be
solved exactly using the method of characteristics (Perron-Frobenius operator
method).
the Frechet derivative of the Perron-Frobenius operator, and show that is in

Here we describe a higher order perturbative approach based on

prinicple suited to analytically compute approximations to the microbunching
gain functions.
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The Base Model

\)

Single Bunch Compressor Stage

K

cav

e Purely longitudinal selfconsistent model w/o CSR.
— longitudinal space charge (LSC).
e Ultra—relativistic limit.

e Cartesian conjugate coordinates
g=—-crandp=P.— B~ FE.— FEy. Z:=

e Longitudinal phase space density (PSD)

(g,p)"

V(g p).
o Longit. charge density of bunch with N particles
p(q) :==eN [, p(q,p)dp.
° LSC = transfer map depends on density :
M = M[\IJ] (or M[ ).
o All maps K, D, M € Sp(2,R)
\Iff = \Ifi O M[\I/i]_l

e Model of single bunch compressor stage :=
{ (long) non—dispersive LinAcc + LSC }
followed by { (short) magnetic chicane }

N M [\If] Ddrlft Klek [\p]

magnetic chicane © > cavities+L.SC

= Vlasov evolution law for V:

10 Mm[qjm_l]_l.

e m bunch compressor stages : V,,, = V,,,_
— talk[4] by Ph. Amstutz!
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The (long) LinAcc/LSC Part K|V

e non—dispersive straight section

The (short) Magnetic Chicane Part D

e Assume : Chicane short compared to LinAcc

=

p(q) frozen! — neglect LSC.

e Moreover: ignore all synchrotron radiation effects

(in particular CSR)

p—density frozen!

= Transfer map is a Poisson—type collective kick

q q
<p ) ~ (p + Keav(q) + Fpoi[¥](q) ) ’
Vi(q,p) = Vi(q, p — keav(q) — kpoi[¥](q)) -

And since all kicks commute, kicks only change p, p integrated out of p,

=

= Transfer map is a (generalized) Drift

(0)-("2)

Poisson type kicks depend only on p:

Ui(g,p) = ilg — Ap), p) ,
bil)0) = L [ (G (0.) V(a9 de' R
R? Ap) = Lap+ Op*), Ly = P—5(;6 :
® keay o integral kick through the (chirped) acc. structures o With (relative) E—chirp h < 0 =
keav(q) = hq + O(q?), h = ResE4 bunch compression with Factor C' := (1 + hR5¢) "

o (Gi) : kernel for the LSC kick due to an axially symmetric

e However, drift through chicane transforms an initial energy
beam with ~(F,) & transverse dimensions averaged over s,

modulation into a final current modulation!

e L = length of straight section (linac). — Micro bunching : small initial modulations, ampli-

= By modifying the energy density through the collective LSC- fied through successive bunch compressor stages.

kick an initial current modulation can generate a final en-
ergy modulation!

The Perron Frobenius Operator

oLet M : R? — R? be measure—preserving & invert-
ible (e.g. symplectic),

e and ¥ : R? — R arbitrary in £}(R? R) ,
o then the composition ¥ o M ! is in L1(R? R).
— Perron Frobenius Operator[5, 6] (of M) M

LYR2 R) — LYRZ,R), U — MU := T o M1
s a linear operator:
o M (pV + vd) = uMV + v M

for U.d e L1 & u,veR

® MV describes the Liouville evolution of W through M.
MIU]U describes the (selfconsistent) Vlasov evolution of W
through M which in turn depends (in a functional way) on U

The Total (Frechet) Derivative

o Let ||-||op be a suitable operator norm on lin(£!, £1)
(L' short forL!(R* R)),

e the generalized total (Frechet) derivative[7] of
M[]: £V — lin(ch Y, W — MU at U,
is the linear operator M'[W(] € lin(£!, lin(L£!, £1))
so that

M[\IJQ + ¢] = M[\Po] + M’[\IJQ] O + O(¢), equiv.:
i M0 £ 6] = M{Wo] — MTWo] dlop _
6—0 1] 1 |

given It exists.

The Linearized Vlasov Evolution .
for One BC Stage

or more epr|C|t| qﬁl( )

o Given BC stage w/ map

M[\Ij] Do Kcav © Kpcn[qj] Lo Kp()l[qj]

e and a weakly smooth reference bunch PSD ¥ €

w/ Q( ) (L~ (2 ))1 & P(g,p) = (L~H(2))

o Let's now restrict to linear D and K.y,

Wll mapped by the BC stage to W := M |¥|¥y), so that L(%) = L7,
e the linearized Vlasov Evolution of the perturbation 14+Lh L,
L=DK..= -
do € L around (Vg — T}) reads w/ — ( h 1
Mg + o] (Vo +egp) = — [ é1(q,p)

M[Wo] o+ (M[Wg] - o) Vo + M[Tg] o) + O(e?)
= Uy +egp + O(e?) .

o= L . ks 60)(Qa, )
oo M |Vo| ™ —OpVyo M|y ‘kpoiWO]OQOL , with Q(q,p) = (L_lz)l = q — Lgp,
where Q : (¢,p)" — ¢. and P(q,p) == (L"'Z)o = —hq + (1 + Lgh)p

n—th Order Pert. Expansion

e Now let Wy € VV1 and ¢op € W, _4
= M[W + egg| (Vo + ) =
\D1+Zk 1€k
(5200 Mo (koo 0 Q)
(k—1)] 0 0 poil#0
% Wg o MW| L+ (poiln] 0 QF )
_|_0<5n—|—1)

= Uy + >0 %y + O™

®i.p. ¢ = ¢1 (as above), and
®p12(2) = ~ N
_(‘92;%(@(5’), P(2) = kipoi[ Do) (Q(2))) + (Rpil $)(Q(2)))
+a_p\p0(Q<5) P(Z) — kpoi[qfo](Q(g))) : (kpoi[%](é(g)))Z
e Note that the “self modulation” term of ¢:

ap¢0 O M[\IJO] ! kp01[§b0] © Q

only enters at 2nd order!

® and (Y- ka7 h) s (Z;:f efa;)’ w/ terms only up to order "%,

Cascade of m BC Stages
®ip. forn=1and m =2 we find 15y =

M oli10 = M Moo o)) Mool Yo,

® We slightly change our notation here:

for stage [ : \Ifo — wl,& ¢O,k — wl,kf 1 <k<n,

D_)7[_()7 Ea M7Q7p7 kpoia ce. T2 D_)lal_()lazlaﬂlvélaplakla . and w2’1~: ~

mapping from stage [ to [ + 1. wl;(%gplp_ klgﬁj( ](C)?))) el (O
= Tho2 st O )= MIS o] Tha s =0 here o= Milyor]vop and 1=

ko€ (% k(Ql’ Pz—k’z[zbz ol (@1)=2_j-1 e Rl k](QZ)D o %1(@;), Py — ko[iﬂ,o o](é())) |

D k=o€ (Zj —0 ]v w”c(QhPl Fal1r,0)(Q1)- —th0.0(Qo, Po — ko[t00)(Qo)) + kolto.1](Qo)

‘ (Z?:_lk 6Zkz[¢z,¢](Qz))j*(n_k) )

® where a =, b is short for a = b+ O("™1),

® higher orders and deeper iterations are possible but too lengthy

(and unpleasant) to present on this poster :-)

Gain Functions

e starting from an initial perturbation ¢y = 1 1(q, p)
with projected spacial density pp1(q) and Fourier
transform ,60,1(/1),

e one may define the most general n-th order m stage
gain function:
Pmn(kt)

g(n’m> [\Ij()a M07 ) Mm: ¢O](/{17 Hf) 00 1(/{1)
and the accumulated general n-th order m stage

gain function:
COmL (i, p) o= S0y g™ (ki )

e if the chirp of the reference PSDs (W, ..., V,, 1) does only
vary weakly over the bunchlength, and if generation of har-
monics is neglected, it is often convenient to define the com-
pression corrected, absolute gain:

LK) = g™ (kK- (Cy -

(k) = |[‘(n,m)[. (kB (Co -

~ n,m)[

gl
[m

Cy,))| and

Example: Infinitely Long Bunch

¢ Uy(q,p) = ¥00(q,P) = Eup(a).00P)Nio(q), &uo = Gaussian
w/ parm's p, o, po(q) =0, op = const. > 0; Ay, is constant
~ Ty := 1/(2ty) over [—ty, to]; assumed characteristic trans-
verse size is a and ty > og,a. Then poo(q) = An(q) and
furthermore k,0i[Vo] =~ O deep enough inside the bunch and
for any decent (G)i). We neglect all edge effects here!

° 5 Kcav linear, L; > 0, h <0
= L =naive bunch compressor w/ compression C' > 1

o Ui(q,p) = V10(q, p) = Vo(Q(q, p), P(q, p)),
Ip ,ul(q) = hq, 1 ~ to/C, T1 — CT()

e Now assume ¢o(q,p) = ¥o1(q, p) = n%o(q, p) cos(kiq), w/
0 <1 <1, sothat U+ ¢y >0 and [o(Vo+¢y) dgdp ~ 1

for 1/k; < to/C. = po1(q) = nAn(q) cos(kiq)

o Ghoi(k) o< & (1 = 211 (|r|a) K1 (| 5]a))
(mean force on a—disk due to a charged a—disk)

= kpoi 0] (q) o nGloi(Ki) cos(kig) (deep inside bunch)

echoosen=1&m=2=

General Remarks

e No explicit knowledge on Wy is needed for single
stage system!

e For )V to exist (at least in the weak sense) W € cl

e Note that since is most likely not enough:

_ . N\2
L,o‘(p> — % fuﬂ(p) and //L’ﬁ(p) — ((paff) - ﬁ) fuﬂ(p)v
all functions above can be evaluated explicitly.

— instead W € W]} (Sobolev-n-1) or similar is neces-

e Now let the chirp / be so weak, that the compression C' = Sary.

1/(1 4 hLg) ~ 1, despite finite Ls. Then P(q,p) =~ p, and
since Ato( ) is constant well inside the bunch, the projections
Wo L — p can be performed w/ G; := — poiGlpoi(Ki):

— 1.p. the model is not very likely to ab applicable
to strongly “curled up” reference bunches as they

sometimes appear in FELs.
77At0 COS(’ﬁQ)

"AtOG sin(kig) 2 [, p oo (p) sin(kiLap) dp
since & ,(p ) is odd

— pL1 A i |
P11 = numerics needed — Ph. Amstutz's talk[4]'

e Rigorous error bounds have not yet been studied.

pp e T G sin(26ig) 2 [ p o.0(p) sin(2e; Lap) dp e Even for smooth reference bunches, the compression
) 2 1 0 o 1 ] .
20y Gt corrected gain does not capture fancy nonlinear fea-
7 4;% cos(2kq) 2f0 g—l)&),a(p) cos(2k;Lap) dp _ & _ P _ y
since &/ _(p) is even tures like generation of harmonics, e.t.c.

® The gain functions are easily computed since the only g—dependence (ne- e T his is work in progress still more to explore!

glecting the edge effects) is in the sin-, cos—terms of argument k;q, 2kiq.
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